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Abstract. It is shown in this paper that there is a fine correlation of the third 
order between the values of the functions Z[ipi(t)] and Z'^(t) which corresponds 
to two collections of disconnected sets. The corresponding new asymptotic 
formula cannot be obtained within known theories of Balasubramanian, Heath- 
Brown and Ivic. 



1. Result 

1.1. Let (see [2^, (3), (4)) 

Gi(x) = Gi{x;T,H) = |J {t : t2,.(-a:) < t < h,{x), < x < |} 

T<t2^<T+H 

(1.1) G2{y)^G2{y;T,H) = 

U {t- t2^+i{-y) <t <t2^+iiy), <y 

T<t2u + i<T+H 

(1.2) Jj = T^/^+^\ 

and the collection of the sequences {i^(T)}, r G [— tt, tt], v — 1,2, . . . be defined by 
the equation (see [2], (1)) 

(1.3) -dKir)] = TTJ/ + r; i^(0) = t^. 

1.2. In this paper we obtain sonic new properties of the signal 

Z(t)^e»''(*)c(i+zt) 
generated by the Riemann zeta-function. Namely, let 
(1-4) G,{x) = ^i[Gi(x)], G2{y) = Vi[G2{y)\ 

where y = ipi{T), T > To[(pi] is the Jacob's ladder. The following theorem holds 
true. 

Theorem. 



(1.5) 



/ Z[ipi{t)]Z'^{t)dt= -Hsmx + 0{T^/^+'), 
/ Z[fi(t)]Z^{t)dt = --H smy + 0{T^''^+'), 
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where 

(1.6) (^i(t) - (1 - c)7r(t), t->oo, 

and c is the Euler's constant and 7r(i) is the prime-counting function. 

Let us remind another representation of the signal Z(t) given by the Riemann- 
Siegel formula (in its local form) 



Z{t)^2 y -^cos{^{t)-t\nn} + 0{T-^/^), t e [T,T + H], Pq 



T 

n<Po 

i.e. in the form of the resultant oscillation of the system of nonlinear oscillators 
^eosW)-nnn}; = ^ m ^ ^ - J + O (i 



(at the same time see, for example, the expression Z[t,j{T)] by ()1.3 
1.3. Let (comp. ([Lil) ') 



(1.7) T^ip,{T), T + H = ip,iT + H). 
Since (see dH]), (iLTl) ) 

f o f = 

r-(z)i(T) - (1 -c) ^ ^ r-T-(l-c) ^ ^ T^T 

InT InT 

we have seen (see ()1.2p ) 

T - (T + if) - (1 - c)^ - - (1 - c)^, 
InT InT 

i.e. f>T + H. Then we have 

[T, T + iJ] n [f , fT~ff] =0: T + H <f, 

(1.8) „ 

p{[T, T + iJ]; [f , fTi?]} ^ (1 - c)7r(r), 

where p stands for the distance of the corresponding segments (comp. p], (1.3), 
(1.6)). 

Remark 1. Some nonlocal interaction of the functions Z[(pi{t)] and Z'^(t) is ex- 
pressed by the formula (11.51) where (see (|1.7p ) 

ieGi(a;)UG2(2/)n[f,fTH] ^ (^i (f) G Gi(a;) U 03(2;) n [T, T + i?]. 

Such an interaction is connected with two collections of disconnected sets unbound- 
edly receding each from other (see (11.81) . p — >■ cx) as T — ^ 00) - like mutually receding 
galaxies (the Hubble law) . Compare this remark with the Remark 3 in 5 . 

Remark 2. The asymptotic formulae (II. 5p cannot be obtained by methods of Bal- 
asubramanian, Heath-Brown and Ivic (comp. ]!]). 

This paper is a continuation of the series [5]-|15). 
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2. The first corollaries 
First of all, we obtain from (|1.5[) 
Corollary 1. 



-{sinx + smy)H + 0{T^'^+'). 

TT 

Next, in the case x — y — ^ ^^Ie obtain 
Corollary 2. 

Gi(f)uG2(f) 

Z[ipi{t)\Z'^{t)<lt- I Z[Lpi{t)]Z^{t)dt = 

Gi(f) ^G2(f) 

-i7 + C'(Ti/6+«^), 

TT 

where [f,fTi?] C Gi (f ) U G2 (f). 

3. Law of the asymptotic equality of the areas of the positive and 

negative parts of the graph of the function Z[ipi{t)]Z'^{t) 

Let 

G+(x) = {t: t€ G,{x), Z[^,{t)]Z\t) > 0} , 
G^ix) = {t: te Giix), Z[ipi{t)]Z\t) < 0} , 

(3 1) 

G+ix) = {t: te G2{x), Z[ipi{t)]Z^it) > 0} , 
G^ix) = {t: t£G2ix), Z[ipi{t)]Z^{t) < 0} . 

Then we obtain from ((2T|) by pTT]) . (|3TT|) the following 

Corollary 3. 

/ Z[^i(<)]Z2(t)dt^ 

^G+(a;)UG+(a;) 

/ Z[v3i(<)]Z2(t)dt, T^OO. 

Jg7(x)ug::(x) 



^3 2) iG+(^)UG+(:r) 



/Gj;(2;)UG2"(x) 

Indeed, from (|1.5p by p.ip we have 



< (1 - e)-i?sina; < / < / < / 

JGi(x) Jg+(x) Jg+(x 



)UG+(x) 
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and similarly 

< (1 - e)-^iJsin2; < - 



Hence, from (I2.ip . x — y, we get 

/ + / + / + / = o(rV6+^) ^ 

JG+ix) JG^ix) Jc+ix) Jg^{x) 

(see (1121), i.e. (lO) ). 



Remark 3. The formula (13.21) represents the law of the asymptotic equality of the 
areas (measures) of the figures which correspond to the positive part and negative 
part, respectively, of the graph of the function 

(3.3) Z[^i{t)]Z\t), t e Giix) Li G2{x) 

with respect to the disconnected sets G^{x) U G2{x), G^{x) U 6^(2:). This is one 
of the laws governing chaotic behavior of the positive and negative values of the 
function 



4. Proof of the Theorem 

4.1. Let is remind that 



where 



^KHt)] {l + 0(^)}lnt 

(see [3], (3.9); [5], (1.3); [5], (1.1), (3.1), (3.2)). Thus, the following lemma holds 
true (see [S], (2.5); [5], (3.3)). 

Lemma. For every integrable function (in the Lebesgue sense) f{x), x £ [i^i (T), ipi (T+ 
U)] the following is true 

fT+U ^ l-ViiT+U) / rp 



(4.1) / f[^i{t)]Z\ty\t = f{x)dx, U e [Q, 



InT 



where t — (pi{t) ~ (1 — c)7r(t). 



Remark 4. The formula (j4.1l) remains true also in the case when the integral on 
the right-hand side of eq. (14.11) is only relatively convergent improper integral of 
the second kind (in the Riemann sense). 

In the case (comp. dUT])) T = ^i(f ), T + U = (pi{T + U) we obtain from (|iA|) 



rT+U pT+U 

(4.2) ,f[^,{t)]Z\t)dt = / f{x)dx. 

Jf Jt 
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4.2. First of all, we have from (|4.2I) . for example, 

(4.3) / f[Mt)]Z'it)dt= / f{t)dt, 

•'i2„i-x) Jt2,A-x) 



(see (II. 4p . Next, in the case 

f{t) = Zbi(i)]z2(t), t e Gi(x) u G2(y) 
we have the following Z^-transformation 



(4.4) 



Z[ipi{t)]Z'^{t)dt = / Z{t)dt, 

lGi{x) Jgi(x) 

/ zYpi{t)]z^ {t)dt = / z(<)d<, 

"'G2(y) "'G2(y) 

(see (|4.3p ). Let us remind that we have proved the following mean- value 

formulae (see [2]) 



(4.5) 



/ Z{t)dt ^ -Hsmx + C'(^l/s^ 



[ Z{t)dt^~-Hsmy + 0{T^^^+'). 

JG2(y) 

Now, our formulae (|1.5p follow from (j4.4p by (|4.5p . 

I would like to thank Michal Demetrian for helping me with the electronic version 
of this work. 
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